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Partial Differential Equations

Ju
9 =TF(t,x,u, Vi(u),...)

Objective: solve for a quantity as a function of space and time, given its initial
and boundary conditions.

Modern numerical methods are impressive.

Figure: Simulation of dynamic stall on a helicopter rotor

BUT ...
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Many Challenges Remain

@ The accuracy of the solution depends on mesh alignment and resolution.

@ The mesh must be adapted to align with critical flow structures in order to
maintain accuracy.

@ The number of cells, and therefore the computational cost, increases
exponentially with dimension.

Nombre de cellules = nAd Colt CPU « Nombre de cellules

Coat

—n

Dimension

Curse of dimensionality: multi-resolution, high-order methods or other advanced
schemes are required to solve complex problems within a reasonable time.
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Can We Remove the Mesh Entirely?

Classical discretization methods

u(r’m Xi)

u(t,_;,X;)

The problem is converted into a large
system of ordinary differential equations:

s = ]F(ula uz; ..., UN)
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Can We Remove the Mesh Entirely?

. . o Deep learning approach
Classical discretization methods

u('tpp Xi)

u(t,_;,X;)

The problem is converted into an

The problem is converted into a large optimization problem over the
system of ordinary differential equations: parameters of a neural network:
Ou; . Ou(0)
8tl =F(u1,uy, ..., un) min 5c ~ Fu(9)
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Neural Networks: Artificial?

1943: McCulloch and Pitts: formal

computational neuron

1958: F. Rosenblatt: Perceptron Entrées Pxids

EN wy
synapse
woTo

Fonction
d’activation
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Multilayer Neural Networks
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Figure: Credits: @github.com/PetarV-

Universal approximation theorem: A multilayer neural network with a locally
bounded piecewise-continuous activation function can approximate any continuous
function to a prescribed accuracy.
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A network is said to learn when its weights are optimized with respect to an
objective function. In practice, this usually means minimizing a cost function.

mein L(G) = meiniiZ;Lloss(yv F(X79)) (]')

Deep learning consists in training an artificial neural network with many hidden
layers: the network is deep.
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Stochastic Gradient Descent

Training dataset: D = {(Xy, Y1), ..., (Xu, Ya)}

Build a neural network: f(X,0) — Yy

Define a cost function: L = 237 ||f(X;,0) — Yi||§
@ Minimize the cost function: 6* = argmingL
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Stochastic Gradient Descent

Training dataset: D = {(X1, Y1), ..., (Xn, Ya)}

o Build a neural network: f(X,0) — ¥

o Define a cost function: L = 2 S°7_[|f(X;,6) — Yil|3

@ Minimize the cost function: 6* = argmin,LL
Algorithm:

@ Weight initialization: #° = N(0, 1)

@ Gradient-based update: §%t1 = g% — \V,LL

© Repeat until convergence: 6 — 0*
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@ Evolutionary Deep Neural Networks (EDNN)
® Method
@ Solving PDEs
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So, How Can We Learn Equations? — EDNN

Consider the following general nonlinear PDE:

24— Ny(u) =0, x€Q, t>0
u(x,t =0) = up(x), x €
+ Boundary conditions
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So, How Can We Learn Equations? — EDNN

A neural network can represent the
solution of the equation at each fixed
time. Thus,

u, = up(x, 0(t))

where 6 denotes the network parameters,
assumed to depend directly on time.
The initial condition is learned by
training the network on the pairs Figure: EDNN approach

(x,u(x, t = 0)).
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So, How Can We Learn Equations? — EDNN

Using the chain rule:

Oup  Ouy 00
ot 00 ot
e e e lution des l-!afa“‘é_“'es
We can compute 2% by minimizing: Evolufion o omatiaue
ot o rentiatio!
piffere! u__ N(“)\
N= argmi® \BTV’Y At

o™= IR

2

dx
2

8uh
20 N, (up)

J(V)Z%/ﬂ

Therefore, at each time step: Figure: EDNN approach

(t) = argmin, J (v, 6(t)) J
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So, How Can We Learn Equations? — EDNN

Yopt is obtained from:

Vo T (Yopt) = 0

Hence:

" etres
\ution des parame!
EYO utomatiaue

pifferentiation A

370 =J™N

o 2y - N
- = argm® | oW

Bt
ewﬂ\) -Gl

Since direct inversion is too expensive,
the system is solved in the least-squares
sense.

Time marching can then be performed

as: Figure: EDNN approach

9n+1 —_fn
T = ﬁopt
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Examples of PDE Solutions

o Ginzburg—Landau equation: complex-valued equation leading to a coupled
differential system

o9 _(_,0 &
ot \ Yox " Toxe TH)A

@ Taylor—Green vortex: Navier—Stokes equations

V-u=0
N1 (u-V)u=—-VP+vAu+f
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Ginzburg-Landau Equation

Solution - t=60
08
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Taylor—Green Vortex

Q=[0,27]2, t € R*

V-u=0
%+(U~V)u:7VP+1/Au+f
u(x,y,t =0) = Upcos(x)sin(y)
v(x,y,t =0) = —Upsin(x) cos(y)
+ Periodic boundary conditions

The exact solution of this problem is:

{ U(X7y7 t) = Uy COS(X) Sin(y)e*2’/t
V(X’}/7 t) =—Uy Sin(x) COS(y)e*2Vt
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Taylor—Green Vortex
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Figure: EDNN vorticity Figure: Exact vorticity Figure: Vorticity error

@ Training CPU time: 83 s
@ Time-marching CPU time: 432 s
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Impact of the Network Architecture
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Impact of the Network Shape

Loss - Exponential Decay - Relu
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Figure: Network shape Figure: Loss — Network shape

o Early hidden layers <+ low-frequency components
o Later hidden layers <+ high-frequency components
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Loss Landscape
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Conclusion

Based on the results:
@ Deep neural networks proved highly effective at representing complex
functions.
@ Using an ANN to solve a PDE together with its boundary and initial
conditions leads to an optimization problem.
@ The EDNN approach has the potential to solve highly nonlinear problems
over long-time evolutions.
@ Several aspects remain open: boundary-condition treatment, time
integration, sampling strategies, and more.
Further developments are still needed:
@ Treatment of additional boundary conditions.
o Parallelization and domain decomposition: one compute node <> one neural
network.
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Conclusion

Thank you for your attention!
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Appendix — How Are Gradients Computed?

of10x,~—0f/ 90,

Figure: Computational graph

o Gradients are computed using the chain rule.

@ Modern libraries implement gradient computation with respect to any node of
the computational graph using backpropagation.
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Appendix — What About Boundary Conditions?

Periodic boundary conditions Dirichlet boundary conditions

sin(x)
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